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INTRODUCTION 
In the following work, we will define a six-dimensional manifold M6 
(containing space-time M* as a submanifold) and a general linear connexion 
on M6, such that the projection of certain geodesics of this connexion onto 
M* results in curves which are solutions of the relativistic equations of motion 
associated with an incoherent charged fluid. Curvature and torsion of this 
connexion will then be discussed. 
It is difficult to compare a topic of such limited objective with the various 
unified field theories. Nevertheless, such a topic is related to these theories, 
some of which are: the four-dimensional theory of Einstein-Hlavaty [l], the 
five-dimensional theories of Kaluza-Klein and Jordan-Thiry [4], and the 
six-dimensional theories of Podolanski [2] and Renaudie [3]. A geometric 
characteristic, which distinguishes the following theory from those mentioned 
above, is that, in general, the latter depend heavily on a metric setting. The 
theory contained in this paper is not dependent in the same sense. The six- 
dimensional setting given here is not a Riemannian manifold and the 
connexion is a general linear connexion the components of which will be 
our field quantities. Note that in [l] the connexion is also a general linear 
connexion and the manifold is non-Riemannian. However, it is endowed with 
a metric (non-Riemannian) and the connexion is built up from this. 
In the following, Latin indices range from 1 to 4 and Greek indices from 
1 to 6. The Einstein summation convention is used. 
THE MANIFOLD M6 
Let M* be the usual space-time manifold endowed with a metric tensor G 
whose components in a given coordinate system are usually written gij. 
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[The signature of G is assumed to be (+ + + -).I The gij will be solutions of 
the Einstein-Maxwell field equations to be discussed later. We define a six- 
dimensional manifold M6 by the equation 
M6=M4xR2, 
where R2 is the two-dimensional Euclidean space. The coordinates for R2 
will be called (x5, x6). If we have a local coordinate system 
(xi) = (xl, x2, x3, ix”) 
in M4, we can form the corresponding coordinate system 
(x”) = (xl, x2, x3, x4, x5, x”) 
in M6. There is a natural projection 17 of M6 onto M4 defined by 
n[(x”)] = (xi). Clearly, MB can be covered by a subatlas or system of local 
coordinates such that if (‘x”) and (x”) are two such local coordinate systems 
in MB which are defined on some common subset, then they are related by 
equations of the form, 
and 
‘xi = fi(xj), (l-4 
1x5 zzz x5, (1-b) 
Ix6 = x’3. u-4 
The Jacobian of the transformation is denoted by the matrix h = (hOa), i.e., 
Clearly, 
h’idf$ h,i = hia = 0 (a > 4), 
h65 = hG6 = 0, h,5=hg6=1. 
(I-4 
In the future, we will restrict ourselves to the above class of coordinate 
systems with their corresponding coordinate neighborhoods. 
A connexion r is defined on M6, if in each local coordinate neighborhood 
of M6 there is defined a set of functions I’& (called connexion components), 
which obey the transformation law 
(2) 
where h = (hoa) is the Jacobian matrix of the transformation. 
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If C is a curve on Ms passing through a coordinate neighborhood U with 
coordinate system (x”), suppose the parametric equations of the curve in U 
are 
x= = x”(t). 
The tangent vector to C is the vector T with components dxa/dt with respect 
to the coordinate system (x”). If V is a vector field defined in a region con- 
taining C with components 7~ with respect to the coordinate system (x”), 
then the numbers Vva/dt or V,va given by the expression, 
are the components [with respect to the coordinate system (x”)] of a vector 
V,V defined along C called the absolute derivative of V along C or the absolute 
derivative of V with respect to T. Given appropriate smoothness conditions 
on the vu, we can write 
Vv” ava 
-z- = axv [ - + T&“] f-g 
The expressions in the brackets of the above equation are denoted by VYva 
and are the components of a l-co, l-contra tensor, which is sometimes denoted 
by VV. 
Now every curve C on Me with components x”(t), determines a curve C 
on M4 with components xi(t). We can calculate proper time or arc-length s 
along C’ by the use of the metric G on M4. Conceivably, s could be used as a 
parameter for C. In the future we assume that all curves on M6 under consid- 
eration are parameterized by s. 
A curve C on Me (parameterized by s) will be called a geodesic of the con- 
nexion r, if the absolute derivative of its tangent vector along C is zero, i.e., 
V,T = 0. (3) 
We now define a particular connexion on M6 such that the equations of 
motion associated with an incoherent charged fluid arise from geodesics of 
this connexion. We assume that D’ and E’ are subsets of M4 with the follow- 
ing properties: If U is a local coordinate neighborhood of M4 with coordinate 
system (xi) and u’ is the subset of U obtained by setting time = constant, 
then D’ n u’ is a bounded domain of the resulting 3-space and E’ n U’ 
is a set of isolated points. We will think of the bounded domain as being 
occupied by an incoherent charged fluid, and the set of isolated points we 
consider to be occupied by test particles each with a constant (proper) mass 
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and charge. The set E’ itself will be a collection of curves in &P--the collection 
of world lines of the test particles and D’ will be the world tube of the fluid. 
We define the sets D and E in M6 by the equations, 
D = W(D’) and E = 17-1(E’). 
We assume there is defined on M4 a vector field 4 with covariant component 
functions +j (4 is the electromagnetic potential vector). Also assume there 
is defined in D’ functions p and p (these are to be thought of as the 
proper charge density and the mass density, respectively). We define the 
function f to be p/p. All the functions mentioned above can be extended to 
functions defined in M6. For example, f is defined on D’ but we can extend 
this to a function (denoted by the same letter) defined on D by the equation, 
f @> =f Pwl for PED. 
Having disposed of these preliminary notions, we are now in a position to 
define the connexion components of our desired connexion r. Suppose U 
is a coordinate neighborhood with coordinate system (x”). On U we define 
I& as follows: 
p,= i I ! jk ’ 
where the {i i k} are the Christoffel symbols corresponding to the metric 
go. . Of course, the g, are initially only defined on l7( U), but they are extended 
to U by the procedure discussed above, i.e., if p E u,g&) = gi,[17(p)]. If 
Fi3 = i3& - a,& , we define 
and 
I$ = Ffi , (4-b) 
r$=aif in (D - E) n U, (4-c) 
rii = 0 in (D - E)” n U. (4-d) 
All other components of I’;,, are required to be zero. Note that since the 
r& are not symmetric in the lower indices, they can’t be the Christoffel 
symbols of some metric tensor. Further, contrary to custom, we allow 
possible discontinuities in the I’ii on the boundary of D - E. 
THEOREM. The r& de$ned by (4) are the components of a connexion on M6. 
Proof. Suppose (‘%a) is another coordinate system related to (x”) by (1). 
We must show that (2) holds. If in ‘GY, a, 8, y are all < 4, then clearly (2) 
holds because of the transformation law of the (, i k}. (Keep in mind that 
hJ = hde = 0, if 8 > 4.) 
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The remaining cases are if at least one of Q, 8, y is > 4. If LY > 4, then if (2) 
is to hold we must have [using (l-d)] 
If /3 > 4, we must have 
and if y > 4, we must have 
fp = h-lt’h ar” BY 6 h BY’ (7) 
Now (5) reduces to 0 = 0 except when (Y = 5 and p = 0 = 6 (and thus, 
hi% = 1) and p, y < 4. We thus must have 
TG”y = h;lur&. 
But this equation certainly holds because it is the transformation law of a 
covariant vector, which is precisely what I’ssi is. Hence, (5) [and thus (2)] is 
valid in this case. 
In (6) the only nonzero terms occurring on both sides are when /I = 6, 
a = X = 5 (hence, hAa = 1). Again this reduces to the transformation law of a 
covariant vector on M4, which is what r& is. 
Equation (7) reduces to 0 = 0 except when y = 5 and (Y, /3, h, 0 < 4. This 
is the transformation law of a tensor of type (1, 1) on M4 which is what 
l$ is (by 4-b). Thus, (2) holds in this case also. 
Therefore, the theorem is established. 
We now consider the flow lines of the fluid and the path of a test particle. 
In both cases, it will be seen that these curves will arise from geodesics of the 
connexion r defined in (4). The flow lines of an incoherent charged fluid 
satisfy the system 
The path of a test particle with charge e and proper mass m satisfies 
where ui = dxi/ds, (see p. 359, [5]). 
Now consider a curve C : X~ = x”(s) in D. The condition that this curve 
be a geodesic of r is 
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for (Y = 1, 2,..., 6 and where u” = dx”/ds. Now (10) can be rewritten, using 
(4), as 
and 
g + r&h~ = 0. 
(11-b) 
(11-c) 
Thus, us = constant, which we take to be 1. Hence, (11-b) reads 
du5 
-z= 
- (i&f) ui = - g . 
u5 = -f + const, 
and we take the above constant to be zero; thus, us = -f. Then (11-c) 
becomes 
But this is Eq. (8). 
Now consider the case of a test particle. We must now work in the set 
(D - E)“. We still use (10) which reduces to (11). However, there will be a 
change in (11-b) in accordance with (4-d). We still take u6 = 1 from (1 l-a). 
But (1 l-b) implies u5 = constant. We take this constant to be - e/m, where e 
is the charge and m the proper mass of the particle under consideration. Then 
(1 l-c) becomes 
which is Eq. (9). Note that this case can include the motion of a photon. 
However, we could not use s as a parameter of course. We would use some 
general parameter t, let ZP = dxa/dt and the vector with components dxi/dt 
has magnitude zero. Also we would choose u5 = 0. 
Observe that if c’ is the curve in M4 with components [xi(s)], which are the 
solutions of (8) or (9), then C’ is the projection of the geodesic C in Ms whose 
components are [x”(s)], i.e., 
nc = C’. 
SIX-DIMENSIONAL MANIFOLD 611 
CURVATURE AND TORSION 
The torsion tensor T associated with the connexion (4) has components 
The only nonvanishing components of T& are (assuming f is zero in the 
exterior of the fluid DC) 
T&& Tii = 4 ai f. 
Hence, the presence of charged matter or an electromagnetic field is reflected 
in the nonvanishing of the torsion tensor T. The curvature tensor R has 
components 
When 01, /3, y, 6 < 4, the expression on the right is the usual Riemann- 
Christoffel curvature tensor in terms of the cjik}, which we denote by l?F+., . 
The nonzero components of R are shown, by a calculation using (4), to be 
Ri’rs = &i, > R& = - V,F: , R;& = V,.F: . 
The discontinuities of the r& contribute only removable discontinuities to R. 
The Ricci tensor S with components S,, is defined by 
The nonzero components of S are 
sis = %s 2 Si, = V,Ffi. 
It is not the purpose of this paper to give an extensive study of the topic 
of field equations. We mention only that the classical field equations of 
Einstein and Maxwell can be written in terms of the above tensors. If we 
define the scalar Riemannian curvature by 
R = gisS, , 
then Einstein’s equation is 
Sij - 4 gij(R + k) = XQij y (12) 
where k, x are constants and Qij are the components of the momentum- 
energy tensor of the fluid, 
Qij = PuiUj + gJ?zFPj - &gijFabFabp 
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the ui being the components of the unit velocity vector of the fluid. We take 
p to be zero in DC (the exterior of the fluid). Maxwell’s first equation is 
(using rational units of charge) 
where p is taken as zero in DC and where Fij = a& - a,& , & being the 
covariant components of the electromagnetic potential. 
Although (12) and (13) suffice to describe all the quantities I’& of the 
connexion (4) (it is assumed that f = p/p is given) and they are statements 
concerning the geometry of M6, they are not very interesting from the point 
of view of unified field theory where one hopes to obtain new laws or modi- 
fications of old ones. Hence, it might be wise to leave the topic of field equa- 
tions for this connexion open, keeping in mind the great flexibility presented 
by a general linear connexion. 
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